A model for real-space singlet pairs, hopping on the quasi 2D antiferromagnetic background of localized spins is further analysed. It is shown that lattice vibrations (if any), which break the symmetry of the in-plane oxygen position with respect to the nearest neighboring copper sites, may strongly influence both the magnitude and the temperature dependence of the 17 0 NMR relaxation rate. For the Y site a situation is analogous, although the different modes may contribute to the effect. A relation of the results obtained to the Millis-Monien-Pines analysis is discussed. The validity of the mean-field random phase approximation for the description of the 2D antiferromagnet used previously is analysed. It is shown that the 2D fluctuations of the phase of the (bond) mean field parameter lead to the power-law decay with the distance of the corresponding correlation function (which remains finite in the mean field approximation). The spectrum of the phase fluctuations is found to be propagative in the one-loop approximation. An interaction of the real-space singlet pairs with the long-wavelength phase fluctuations is discussed.
It is by now generally accepted that strong Coulomb correlations should play an essential role in the physics of the layered copper oxides [4] . On the basis of the purely insulating and antiferromagnetic behavior of the undoped compounds, one expects an (almost) localized nature of the Cue+ spins also at low doping concentrations (see e.g. [5] ). To get some insight in the possible mechanisms underlying the unconventional NMR behaviour of the doped cuprates [6] , a model of real-space pairs (RSP's) interacting with the local magnetic order has been proposed [1] . It is implied that the RSP's are formed far above Tc and are responsible for both the normal and superconducting charge transport in the high-temperature superconductor (HTS) cuprates (see [7] ).
It is assumed that only the singlet states (singlets) formed by a localized C u 2 + s p i n a n d a d o p e d h o l e s p i n a r e a l l o w e d . T h e n , a n R S P i s s u p p o s e d t o c o n s i s t (133) of two such singlets occupying adjacent plaquettes of the square Cue+ lattice in the CuO2 plane. The presence of the RSP causes a local softening of the magnetic exchange interactions between the localized spins, because each of the two holes forming an RSP has its spin bound in the singlet state with the localized Cue+ spin on the corresponding plaquette. Therefore, these two spins are no longer available for the exchange interactions with their neighbours in the presence of an RSP.
The model Hamiltonian for the RSP-localized spins system has the form [11: where pij = b+ijbij; [bij,b+i'j,] = δij,i'j'; and Si is the spin-1/2 operator of the localized Cue+ spin on site i (we avoid vector notation for the site indexes in all the formulae for the sake of simplicity). It is supposed that the summation in Eq. (1) goes over an infinite sequence of 2D layers which are not mutually coupled magnetically. It seems to be legitimate to exploit here the strong spatial anisotropy of the cuprates (at least the La-based compounds), which results in the estimate J'/J= 10 -5 (see e.g. [5] ). The operators b , bij in Eq. (2) are the creation and annihilation operators of the RSP, which occupies two adjacent plaquettes of the CuO2 lattice centered at i and j, and are subjected to the constraint hi = 0,1 (i.e. U -ł oo is implied in the Hamiltonian in Eq. (2)); /i is the chemical potential of the RSP's, and t and H are the RSP intralayer hopping integral and the interlayer hopping contribution to the RSP's Hamiltonian respectively.
Taking into account the onsite constraint for pig , we rewrite the interaction part of the Hamiltonian Eq. (1) in the completely biquadratic form (see [1] ):
where the Schwinger boson representation for the localized spins-1/2 [3] is used. The Schwinger boson operators aiσ (ate ) (o-= 1, 2) obey the Bose commutation relations and are subjected to the local constraint Σσ =1, 2 aiσaiσ = 1.
Then, after the Stratonovich-Hubbard decoupling of the interaction term in Eq. (3) the effective action takes the form [11: where Spij = (pig -n)(1 -n) -1 ; J = J(1 -n) 2 , and n is the RSP density. Next, we integrated out the spin degrees of freedom to the one-loop accuracy in the MF approximation for the Stratonovich fields, i.e. taking Qij = Q and λi = λ. The resulting inter-RSP interaction (it proved to be attraction) was obtained as a result of such a procedure. Using this result, the interaction contribution to the Gibbs free energy E of the system in the random phase approximation was found to be [1] :
where 17(q, ω) is the Fourier component of the RSP's density-density correlation function, while D(q, w) is the mean-field correlation function of the fluctuations of the field A -1-Aii . Finally, w is the Matsubara frequency and Q is the mean-field parameter to be determined self-consistently (together with the antiferromagnetic correlation length " (T)) by minimizing the Gibbs free energy.
Here we remind some results obtained in [1] . In the interval of parameter (nt, T) « J, the self-consistent equations obtained by minimizing the Gibbs free energy E take the form where N(εk) = [exp,β(εk -µ) -1] -1 ; εk = k 2 /2ml and ml is the RSP mass for inplane motion (t-1 ~ ma2); wk 2J(1 -η2γ2k)½ is the magnetic excitation energy; r12 1 -a2 / 2 ; yk = 1/4Σa exp(ik • a) (a spans over the nearest neighbouring sites of the square lattice); and n(µ) = πT/(2tl) exp (µ/T). Quasi-twodimensionality of the RSP system is assumed: tz « tl, where tz is the interplanar RSP hopping integral. The symbol E' means summation over the first RSP's Brillouin zone, and N is the number of the square lattice sites. The logarithmic terms in Eqs. (7), (8) are due to °RPA. Then we have where T* ti vJ/ ln(1/n) and v 2.2 in the RPA [8] . Here n(T) means n(μ(T)), and the second relation in Eq. (9) shows that below T* the RPA solution exists if only the density of "free bosons" (RSP's) scales with the (a/ξ(T) )2. This may indicate that to keep the system in the homogeneous state at T < T*, the effective number of bosons contributing to the long-range RSP density fluctuations should decrease. This in turn would be expected to happen if the RSP's gather in some kind of mobile "droplets", which are responsible then for the long-range density fluctuations (which indeed is seen by the Monte Carlo simulations performed for the present model [9] ). Finally, at T < T** ~ nJt h e m i n i m u m m a g n e t i c e x c i t a t i o n energy w ~ Ja/ξ(T) becomes greater than T and system likely fails to approach
The physical meaning of the crossover at T* in our model follows from Eq. (1). Namely, an RSP has lower potential energy in the regions with suppressed absolute value of the short-range order parameter (Si • Si). Due to the thermal fluctuations, the size of such a region around the RSP is not greater than 4.(T), and reaches the inter-RSP distance a/V at T T*. Then, the strong inter-particle attraction appears in the "gas" of the RSP's. The logarithmic terms in Eqs. (7), (8) become singular at this temperature. Therefore, the RSP-spin system has to reduce the increase in "(T) in a self-consistent manner in order to remain in a homogeneous state also at T < T* ( the phase separation is avoided when at least -J(Si • S . < t1).
NMR behaviour in the RSP -spin model
In this section we shall apply the temperature dependencies for ξ(T) found above to obtain the resultant behaviour of the NMR characteristics in the RSP-spin model. Since we are only concerned with the qualitative picture, we use here the simplest form of the hyperfine coupling Hamiltonian
Here A is the hyperfine "coupling constant" and Ii is the nuclear spin operator at the site i. In what follows only the onsite interaction is considered between a localized electronic spin and the corresponding nuclear spin. The spin lattice sites in the present model then correspond to the Cue+ sites. However, to model the NMR behaviour at the inplane oxygen sites, one may use the following Hamiltonian:
where the summation with respect to the electronic spins is now over the "oxygen sites" in the CuO2 plane (see [10] ). Therefore, the results obtained below may easily be extended to the oxygen-NMR by the introduction of the proper form factors in the hyperfine interaction Hamiltonian.
As usual [11] , the Knight shift K, and the nuclear spin-relaxation rate 1/T1, are related to the Fourier components x(q, w) of the susceptibility of the localized spin system
In case an isotropic magnetic exchange integral is assumed, one has [12] : where ur,t (<G 1) mimics the symmetry breaking lattice mode, and C' is the coupling constant. Then, the Knight shift K and the nuclear spin-relaxation rate 1/T1, are related to the Fourier components x(q, w) of the susceptibility in the usual way [11] :
We see that at u r,t = O the result for oxygen site differs from that one for the copper site by a well-known form factor F(q) = 1 -ź (cos qua + cos qu a) being inserted into the integrand in Eq. (15) Fig. lb on YBa2Cu3O6.63, for which it is believed that n P.1 0.05 (hole density 0.10) and J = 1500 ÷ 2000 K, one notices a factor of four difference in the quantitative predictions from our model (the qualitative agreement is obvious from Fig. 1 ). Within the RPA improved estimates of T* could only change its value by about 20=30%. However, we note that the RPA does not take into account the suppression of the local (on-site) magnetic moment due to the enhancement of the fluctuations by the doping with the mobile holes. Therefore, one expects a considerable reduction of the value of v in the aforementioned estimate, in the doped samples with respect to the value v = 2.2 taken from the undoped case [8] .
Fluctuations correction to the MF picture
The spin-spin correlation function (So. Sr) decays exponentially with r at finite temperatures in the MF approximation discussed so far [3] : (So . Sr) (ξ/r) exp(-r/ξ). The long-range spin ordering takes place in MF only at T = O (ξ(T = 0) = oo). These facts are in correspondence with the 2D nature of the antiferromagnetic system under consideration. Nevertheless, there is a "hidden" long-range order imposed by the MF approximation. Namely, the MF relation
T h e s i t u a t i o n i s c h a n g e d b y allowing for the phase fluctuations, i.e. when we take Qij -> Q exp [iφij] . Then, to the second order in φij one has the following extra term in the spin Hamiltonian (here we neglect the RSP induced corrections yet):
Now we integrate out the aiσ, aiσ fields (in the one-loop approximation) to get the effective action So for the phase 0, from which the propagator of the q -fluctuations Do can be found From Eq. (24) it follows that, in addition to the MF spin-wave like spectrum with the gap ZA = ωq -0 ~ Ja/" found in [3] , there are also the lower energy (phase) excitations inside the MF gap. These last ones possess a sound-like spectrum with the effective velocity s φ s a / ξ , w h e r e s J a i s t h e u s u a l ( m e a n -f i e l d ) s p i n velocity. The physical reason for such an effective suppression of the velocity so with respect to s might be explained as follows. Namely, the phase fluctuations found here play the role of the hydrodynamic modes of the 2D quantum Heisenberg antiferromagnet (QHAF). Therefore, the effective media seen by these excitations consist of the correlated clusters of the size ~ ξ ("block-spins") interacting with each other with the characteristic energy ("block exchange integral") of the order of the gap A in the spin-wave MF spectrum, which in turn serves as the effective "rigidity" for the hydrodynamic phase fluctuations. Then, a substitution of J by w q -> O i n t h e e x p r e s s i o n f o r t h e v e l o c i t ys g i v e s d i r e c t l y s o v a l u e .
The presence of such hydrodynamic excitations is not surprising by two reasons. First, the effective action for the Stratonovich fields Seff(Q) Q ; λ), which might be derived from Eq. (4) by integrating out the fields aiσ, a ó, is invariant with respect to the homogeneous phase shift Q -> Q exp(iφ) [3] . Therefore, the 0-spectrum should be gapless at q --f 0. Second, since there is a gap A, ~ Ja/ξ in the MF spin excitations spectrum, wk =2J(1-η 2γ2 )½, the phase fluctuations of the MF parameter are propagative in the range of the energies inside the gap Ω q < Δ
( t h e d a m p i n g r a t e o f t h i s e x c i t a t i o n s d u e t o t h e s c a t t e r i n g a t t h e s p i n -w a v e s
is of the order of w 3/2 / √ s q w h e n ω s q « s q , again in the one-loop approximation) . Now, taking into account the phase fluctuations we obtain where Do(q, ,fl) is taken in the Matsubara representation, and k0~ S -1 . T h i s l e a d s to the following result (analogous to that one first obtained for the 2D superfluid Bose systems [14] ):
where we have used Eq. (24). It is evident now from Eq. (26) and the expression for (So • Sr) at the beginning of this section, that both (AijAi'j') and (So • Sr ) vanish when | rij -ri'j'I -> o o a t f i n i t e t e m p e r a t u r e s . T h e r e f o r e , w e h a v e s h o w n that the phase fluctuations of the Stratonovich (bond) order parameter "restore" the absence of the long-range order in the 2D system at finite temperature, which was deliberately imposed by MF approximation in [3, 1] . We hope to address in the forthcoming paper the question of the phase fluctuation corrections to the NMR characteristics calculated above in the MF-RPA.
It is worth noticing here of the apparent infrared divergence caused by the propagative nature of the Do(q, ,Ω) in the 2D case presently discussed. The situation is reminiscent of the Berezinskii-Kosterlitz-Thouless case [15] , so that one would expect to have a kind of low temperature vortex state in the 2D Heisenberg antiferromagnet (QHAF) with the spin 1/2. Though in contradistinction with the widely spread practice of mapping of the low-energy properties of the QHAF on the nonlinear u model, see e.g. [16] (which is not rigorously justified for the spin 1/2), here we have shown that the proper fluctuating quantity is the phase (Aid related to the bond variable Ai j defined in Eq. (3) . This problem will be discussed in detail elsewhere in the nearest future. Now we shall discuss briefly the influence of the RSP's on the picture outlined above. For this purpose one has to substitute Qij ->Q e x p [ i Φ i j ] i n E q . ( 4 ) a n d to add the term with 6,3i9 to the Ho in Eq. (23). Then the dispersion relation for the phase fluctuations found in Eq. (24) is modified in the one-loop approximation with respect to the RSP's term as follows:
and n(µ) is defined after Eq. (7).
Some important conclusions follow from the above result. Firstly, one notices that the validity of the MF approach used by Arovas and Auerbach [3] for the partition function path integral of the QHAF is better justified for the RSP-doped case, discussed here, below the crossover temperature T*. Namely, the second term in the rectangular brackets in Eq. (28) Secondly, the presence of the ΔRsp in the dispersion relation in Eq. (27) makes the system not infrared divergent any more. Although the last result should be taken cautiously by the following reason. Namely, Eqs. (27), (28) were obtained in the approximation of the small deviations from the homogeneity on the length scale r » ξ of the both spin and RSP systems. Meanwhile, a comparison of the characteristic "phase-correlation" length Lo ~ sΦΔRSP with Ś gives Lo < ξ at T < T*, i.e. the homogeneity condition is not fulfilled. This fact points to the strong coupling of the long-wavelength phase fluctuations to the RSP-density fluctuations in the system below T*, which will be discussed in detail elsewhere.
Conclusions
Here we have shown that the present RSP-spin model is able to reproduce, at least qualitatively, the NMR behaviour of the layered underdoped high-T c cuprates, as it is observed experimentally [6] . The physical nature of T* is illuminated (at the MF-RPA level of accuracy and to that extent to which our model is adequate to the reality).
It is demonstrated also that the inplane oxygen NMR relaxation rate may be highly sensitive to the lattice vibrations which break the rigid-lattice symmetry of the O site in the copper layer. The same is valid for the Y NMR, although the vibrational modes contributing to the effect may be different from the O case.
Further, we have shown that the phase fluctuations of the mean-field (bond) order parameter in the 2D antiferromagnet restore the absence of the long-range order in the system at finite temperatures. These fluctuations create a spectrum of the propagative states in the gap, which was found in the spectrum of magnetic excitations of the system in the MF approximation [3] .
The infrared divergence, which arises (for the 2D system) in the case of the sound-like spectrum of the phase fluctuations given by Eq. (24), indicates the possibility of the Berezinskii-Kosterlitz-Thouless like situation in the 2D Heisenberg antiferromagnet (QHAF) with the spin 1/2, which involves appearance of the vortices of the phase Φij , discussed in this work.
Finally, the presence of the doped RSP's in the AF system cuts off the infrared divergences in the phase fluctuations and leads to the strong interaction of the RSP-density fluctuations with the phase fluctuations at the large length scale r > ξ.
